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ABSTRACT. Let F be a complete topological field. We undertake a
study of the ring C(X, F) of all continuous F-valued functions on a topological
space X whose topology is determined by C(X, F), in that it is the weakest
making each function in C(X, F) continuous, and of the ring C*(X, F) of all
continuous F-valued functions with relatively compact range, where the topology
of X issimilarly determined by C*(X, F). The theory of uniform structures per-
mits a rapid construction of the appropriate generalizations of the Hewitt realcom-
pactification of X in the former case and of the Stone-Cech compactification of
X in the latter. Most attention is given to the case where F and X are ultrareg-
ular; in this case we determine conditions on F that permit a development parallel
to the classical theory where F is the real number field. One example of such
conditions is that the cardinality of F be nonmeasurable and that the topology of
F be given by an ultrametric or a valuation. Measure-theoretic interpretations are
given, and a nonarchimedean analogue of Nachbin and Shirota’s theorerg concern-
ing the bornologicity of C(X) is obtained.

Our goal is to develop a theory parallel to that of realcompact spaces and
realcompactifications by replacing the topological field R of real numbers with a
complete topological field F, with emphasis on the case where F is ultraregular.
(An ultraregular space is a Hausdorff space for which the clopen sets form a basis, a
clopen set being one that is both open and closed. An ultranormal space is a Haus-
dorff space each closed subset of which has a fundamental system of neighborhoods
consisting of clopen sets. There exist ultraregular spaces that are not ultranormal
[25]1, [26].) Our emphasis on ultraregular fields is prompted by the fact that every
field whose topology is given by a valuation or an ultrametric is ultraregular (and,
in fact, is ultranormal).

If X and Y are topological spaces, C(X, Y) denotes the set of all continuous
functions from X into Y, and C*(X, Y) denotes the set of all continuous func-
tions f from X into Y such that f(X) is compact. If F is a topological field,
Q(X, F) and C*(X, F) are both F-algebras; if, moreover, F is locally compact,
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C*(X, F) is the F-algebra of all bounded, continuous, F-valued functions on X.

In §1 we generalize the Stone-Cech compactification and obtain ultraregular
analogues of the Gelfand-Kolmogoroff theorem and the characterization of the
Stone-Cech compactification 8X of X as the suitably topologized space of characters
of C*(X, R).

In §2 we develop a theory of F-repletions which generalizes that of realcom-
pactifications by replacing R with a separated, complete uniform space F. The
theory is developed by means of uniform spaces, but it is essentially equivalent to
the theory of E-compactifications developed by Mrdwka and others. The basic
theory flows easily from this development which, in addition, enables us to give new
proofs of known facts about N-replete (i.e., N-compact) spaces and new theorems
about F-repletions (i.e., F-compactifications) for a large class of spaces F, including
N, and hence accounts for our choice. Moreover, this development seems parti-
cularly natural in view of the fact that the statement of the deepest and most im-
portant theorem about realcompactness, Shirota’s theorem, involves uniform
structures. (Following Bourbaki and others, we use “F-replete” and “F-repletion”
rather than “F-compact™ and “F-compactification” (although we use “realcompact”
and “realcompactification”) because the theory is developed here by means of
uniform spaces, because the spaces encountered are quite remote from compact
spaces, and because one cannot omit “E” from *“E-compact” or “E-compactifi-
cation” without risking grave misunderstanding.)

Our central results are given in §3, where we specialize to the case where F
is a complete ultraregular field, especially one whose topology is given by an ultra-
metric or a valuation. In §4 we give a measure-theoretic interpretation to certain
constructions, and in §5 we present a nonarchimedean analogue of the theorem of
Nachbin [20] and Shirota [28] characterizing those spaces C(X, R) that are bor-
nological for the topology of compact convergence.

1. The Banaschewski compactification. Let X and F be Hausdorff spaces.
We denote by C*(X, F) the weakest uniform structure on X making each f€
C*(X, F)uniformly continuous into the compact space f{X), equipped with its
unique compatible uniform structure. We shall say that X is F-completely regular
if C*(X, F) is compatible with the topology of X. By [5, Proposition 8, p. 203],
X is F-completely regular if and only if X is homeomorphic to a relatively compact
subset of the cartesian product F& for some set B. By [5, Proposition 3, p. 230],
C*(X, F) is a precompact uniform structure. Thus if X is F-completely regular,
the completion BzX of X for C*(X, F) is a compactification of X, and each f€
C*(X, F) has a continuous extension to f,X. It is easy to see that,if Xand Y
are F-completely regular spaces, each f€ C(X, Y) is uniformly continuous for
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C*(X, F) and C*(Y, F) and hence has a continuous extension Bgf: Bz X — BpY.
In particular, every continuous function from X into a compact, F-completely
regular space has a continuous extension to fzX.

The R-completely regular spaces are, of course, precisely the completely reg-
ular spaces, and, by definition, Sz X is the Stone-Cech compactification fX of X
for any completely regular space X. If F is ultraregular and contains at least two
points, it is easy to see that X is F-completely regular if and only if X is ultraregu-
lar. In this case, C*(X, F), and hence also fX, may be described intrinsically, as
follows: For each cover ! of X, we denote by W(V) the subset U{V' x V: V€ V}
of X x X. A partition |/ of X (that is,a cover of X by mutually disjoint subsets)
is open if each of its members is open (and hence closed). It is easy to verify that
{W(V): V isa finite open cover of X} is a fundamental system of entourages for a
uniform structure B (X) on X; as X is ultraregular, B, (X) is compatible with
the topology of X. Moreover, each finite open cover V consists of W(|/)-small
sets, so B, (X) is precompact, and therefore the completion 8, X of X for B (X)
is a compactification of X, which we shall call the Banaschewski compactification
since it was first studied in [1]. One may readily show that if X is ultranormal,
then C*(X, R)=B,(X) and hence §,X =X, by using the fact that an ultranormal
space has zero Lebesgue covering dimension (i.e., every finite open cover is refined
by a finite open partition) [21, 8-3]. More generally, if F is ultraregular and has
at least two points, one may easily show that C*(X, F)= B(X) and hence fpX=
B,X. If Y isalso ultraregular, it is natural in this case to denote the continuous
extension of f€ C(X, Y) to a function from B, X =X into f,Y =Y by B,f
rather than B.f.

If C is a clopen subset of ultraregular X, its characteristic function is con-
tinuous from X into {0, 1} and hence has a continuous extension to 8 X; it
follows readily that the closure C of C in B,X is clopen [23, Lemma 17.1].
Consequently, if U is a finite open partition of X, the set U/ of closuresin f_X
of members of U is a finite open partition of B, X, and clearly W(V) = W(V); as
the W(V)’s form a fundamental system of entourages for the uniform structure of
B,X, B,X is ultraregular and hence ultranormal [1, Theorem 2], [21,8-4]. Sum-
marizing for ultraregular spaces, we have the following (essentially known) theorem:

THEOREM 1. Let X be an ultraregular space. Then B, X is an ultranormal
compactification of X, clopen subsets of X have clopen closures in 3,X, and for
each ultraregular space Y and each f € C(X, Y) there is a unique continuous func-
tion B, f: B,X — B,Y extending f. If X is ultranormal, then B,(X)= C*(X, R)
and hence B X =BX; if F is any ultraregular space containing at least two points,
then B,(X)= C*(X, F) and hence B, X =fX.
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The definition of B X as the completion of C*(X, F) where F is the
discrete space of integers was first given in [23]. The Banaschewski compactifi-
cation of X has been extensively generalized. It is the E-compactification of X
where E is a two-point set [10]. It is also an example of a Wallman compacti-
fication, introduced in [11] and generalized in [13].

Our purpose in this section is to show that §,X may be identified with
the set of characters of the F-algebra C*(X, F), where F is an ultraregular
topological field, and to obtain conditions on X and F sufficient for a descrip-
tion of B X as the set of all maximal ideals of C(X, F) (the analogue of the
Gelfand-Kolmogoroff theorem [12, 7.3]) or the set of all z-ultrafilters (determined
by F-valued continuous functions) on X (the analogue of [12, 6.5]).

Henceforth in this section, F is an ultraregular topological field, X an
ultraregular space. For each f€ C(X, F) we define Z(f) to be {x € X: f(x)
=0}. An F-zeroset of X is any subset of X of the form Z(f) where f € C(X, F).

LEMMA 1. If m is a proper ideal of C(X, F), then nfe,.,Z_(f) # B, where
closure refers to B X.

PROOF. Suppose that n,E,,,‘z'(T) =@ As B,X is compact, there exist
fys --- [, € m such that ﬂ;;lZF,) = @, Therefore the complements of
Z(f,), ..., Z(f,) form an open cover of B,X, soas B, X has zero Lebesgue
covering dimension, there is a finite open partition {V,, ..., V,} of B, X such
that ¥, C B X - Z(f;) forall i € [1,n]. Consequently, C;= ¥, N X is a clopen
subset of X disjoint from Z(f;), so the function g;: X — F, defined by
g(x)=1/f(x) if x€C, gx)=0 if x € X — C,, is continuous. Consequently,
1 =2, g,f, € m, a contradiction.

THEOREM 2. Let X be a compact, totally disconnected space. For each
a€X, let m,={f€ X, F): fa) =0}. Then a +— m, is a bijection from X
onto the set of all maximal ideals of (X, F).

The assertion follows from Lemma 1 (cf. [12, 7.2]).
A character of an F-algebra A is a nonzero homomorphism from the F-al-
gebra A into the F-algebra F.

THEOREM 3. For each a € 8,X, let u,: f —(B,f)a), f € C*(X, F). Then
av u, is a bijection from B, X onto the set H of all characters of the F-alge-
bra C*(X, F). Moreover, if H is equipped with the weakest topology such that,
for each f € CX(X, F), u - u(f) is continuous from H into F, then a U,
is @ homeomorphism. Finally, @ ug 1(0) is a bijection from B,X onto the
set of all maximal ideals of C*(X, F).
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PrOOF. It is easy to verify that f+f_f is an isomorphism from the
F-algebra C*(X, F) onto the F-algebra C(8,X, F). From this fact and Theo-
rem 2 the assertion follows readily (cf. [12, 10.5]).

To obtain meaningful analogues of the Gelfand-Kolmogoroff theorem and
the description of BX as the set of all z-ultrafilters, we need to know conditions
implying that the intersection of two F-zerosets is an F-zeroset and that disjoint
F-zerosets have disjoint closures in B X.

We shall say that a subset A of X is a Cs-set if A is the intersection of
a countable family of clopen subsets of X.

THEOREM 4. If F contains a sequence (\,),5o of nonzero elements
converging to zero, then the F-zerosets of X are precisely the Cg-sets.

ProoF. To show that an F-zeroset is a C-set, it suffices to find a sequence
(V,),>1 of clopen neighborhoods of zero in F such that n,,_, = {0}; for
then, if f€ C(X, F), Z) =N =, *(V,), aCs-set. Let ¥V, be a symmetric,
clopen neighborhood of zero distinct from F. We define (V. ),l > inductively
as follows: Given V,, let V,,, be a symmetric clopen neighborhood of zero
suchthat V, , +V, . CV, VoritVas 1t CVyy andV, CAV, N
\,V,. Then (V,),5, isa fundamental system of neighborhoods of zero for
a ring topology S on F. Indeed, we need only verify that, if § € F and if
n 2 1, there exists p 2 1 such that BVP CV,. As lim,_, B\, =0, there
exists m such that B)\ €V,4q- Then BV, i SV, for BV, nir &
BNaVrim € Vus1Vatm © Vps1Vns1 GV, But aring topology on the field
F is either Hausdorff or the trivial topology {F,&} (for the closure of {0} is
an ideal). As ¥, #F, therefore, S is Hausdorff, so N, V, = {0}

Conversely, let 4 = nn—o where (C,),5 is a decreasing sequence
of clopen sets and C, = X. The function f: X — F, defined by f(x) =2,
forall x€C,~C,,,,n=>0, and f(x)=0 for all x €A, is easily seen to be
continuous since lim,_, A, =0, and clearly Z(f) = A.

THEOREM S. Of the following conditions, if one of 1° — 3° holds, then
the intersection of two F-zerosets of X is an F-zeroset. If X is ultranormal, or
if one of 1° = 5° holds, then any two disjoint F-zerosets of X have disjoint
closures in B,X.

1° F is not algebraically closed.

2° F possesses a sequence of nonzero élements converging to zero.

3° F is discrete.

4° F is a proper subfield of an ultraregular topological field K.

5° The topology of F is given by a valuation.
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ProoF. If X is ultranormal, then B X =X by Theorem 1, and disjoint
closed subsets of X have disjoint closures in BX since, by normality, they are
contained in disjoint R-zerosets.

Assume that 1° holds, and let P=X" + o, X"~ 1 + -+ a,X + o
be an irreducible polynomial of degree n =2 over F. Let f, g € C(X, F),
andlet h=f"+a,_,f" g+ -+, ff" ! +0a,8" Then Z(h)=Z(f)N
Z(g), for if g(x) # 0 and if A =f(x)/g(x), then A(x)/g(x)" = P(\) # 0, so
h(x) # 0, and if g(x) =h(x)=0, clearly also f(x) =0. Thus the intersection
of two F-zerosets is an F-zeroset. Assume further that Z(f) N Z(g) = &. Then
h(x) # 0 for all x € X; thusif k=f"/n, then k(x) =0 for all x € Z(f) and
k(x)=1 for all x € Z(g); consequently, if V is a clopen neighborhood of zero
in F that does not contain 1, k~!(V) is a clopen neighborhood of Z(f) dis-
joint from Z(g); therefore by Theorem 1, Z(f) N Z(g) = &.

Assume that 2° holds. By Theorem 4, the intersection of two F-zerosets
is an F-zeroset. Also by Theorem 4, to prove that disjoint F-zerosets have dis-
joint closures in B X, it suffices by 1° to find an ultraregular, metrizable, in-
discrete field that is not algebraically closed. Such a field is the field Q, of
p-adic numbers for any prime p, for by Eisenstein’s criterion, X" —p is ir-
reducible over Qp forall n>1.

If F is discrete, the F-zerosets are the clopen sets, and the assertions
follow by Theorem 1.

Assume that 4° holds. By 1°, we may assume that F is algebraically
closed. Therefore K contains an element A transcendental over F. The sub-
field FQ\) is then an ultraregular topological field satisfying 1°, for X2 — A
is irreducible over F(A). Since every F-zeroset of X is clearly an F(\)-zeroset,
the assertion follows.

If 5° holds, then so does 4° by [7, Proposition 2, p. 161].

An F-z-ultrafilter, of course, is a maximal member of the class of all filter
bases consisting of F-zerosets, ordered by inclusion. Statement 1° of the fol-
lowing theorem is an ultraregular analogue of the Gelfand-Kolmogoroff theorem;
statement 2° provides an alternative description of X, paralleling that given
in [12, 6.5].

THEOREM 6. For each a €B X, let m, = {f € C(X, F): a € Z(f)}
(where the closure is taken in B,X), and let U, = {Z: Z is an F-zeroset of X
and a €Z}.

1° If any two disjoint F-zerosets of X have disjoint closures in B, X
(see Theorem S), then a \—m, is a bijection from B, X onto the set of all
maximal ideals of C(X, F).
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2° If the intersection of any two F-zerosets of X is an F-zeroset, and if
any two disjoint F-zerosets of X have disjoint closures in B,X (see Theorem 5),
then al-U, is a bijection from B,X onto the set of all F-z-ultrafilters, and
moreover, m |— Z[m] = {Z(f): f € m} is a bijection from the set of all max-
imal ideals of C(X, F) onto the set of all F-z-ultrafilters.

ProOF. We shall first show that if any two disjoint F-zerosets of X have
disjoint closures in B X, then Z(f) N Z(g) = Z(f) N Z(g) for all f, g € C(X, F).
If F is discrete, Z(f) and Z(g) are clopen sets; using the fact that X — C =
B, X — C for any clopen subset C of X (Theorem 1), one may easily show
that A NB=A N B for any clopen sets 4, B of X. Therefore we may as-
sume that F is not discrete, whence there exists y € F unequal to O or 1.

Let a €Z(f) N Z(g), let V be a clopen neighborhood of @ in B X, and let
W=XNV. Let U be a clopen neighborhood of 0 in F such that 1 & U.
We define f,: X — F by f,(x)=f(x) if x€f~ (1), fix)=7 if xEX -
Y U). As f~Y(U) is clopen, f, is continuous; clearly Z(f) = Z(f;). Let
[, =f; — v, where ¢ is the characteristic function of X — W. One easily veri-
fies that f, € C(X, F) and that Z(f,) = Z(f) N W. Similarly there exists g,
€ C(X, F) such that Z(g,)=Z(g) N W. As V isopen, a€EZ() NV C

Z(f) N V =Z(f) " W= Z(f,), and similarly a € Z(g,). Therefore as disjoint
F-zerosets have disjoint closures in 8 X, we conclude that & # Z(f,) N Z(g,)
CZ(f)NZ(g) N V. Hence a € Z(f) N Z(g).

For notational convenience, for each clopen subset C of B X let f- be
the restriction to X of the characteristic function of g, X — C; thus Z(fp)=
XNC so Z(fy) = C. To prove 1°, we shall first show that m , is a proper
ideal. If f, g € m,, then a €Z() NZ(g) = Z(F) N Z(®) CZ(f + g), so [+
g€ m,, and if h € C(X, F), then a € Z(f) C Z(fh), so fh € m,. Clearly
the constant function 1 does not belong to m,. Hence n, is a proper ideal.
Next, we shall prove that if @ # b, then m,  m,. Indeed, let C be a clopen
subset of B X containing a but not b; then clearly fo € m, but fo & m,,.
If m is a maximal ideal of C(X, F), by Lemma 1 there exists a € §,X such
that m C m,, whence m = m, as m, is a proper ideal. To complete the
proof of 1°, therefore, we need only show that each m, is a maximal ideal.
By Krull’s theorem, there is a maximal ideal m containing m,, and by the
preceding, m = m, for some b € B X; thus m, C m,, so ¢=>b and
m,=m, =m aswe saw above.

To prove 2°, we first note that by the first paragraph of the proof, U,
is indeed a filter base of F-zerosets. Suppose that U is a filter base of F-zero-
sets strictly containing U,, and let Z € U be such that Z€ U,. Then a €Z,
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so there is a clopen neighborhood C of @ in B,X such that CN Z =@. Con-
sequently, Z(fo) € U,, so #=Z(f;) N Z € U, acontradiction. Hence U, is
an F-z-ultrafilter. For any clopen neighborhood C of a, Z(f;) € U, and
Z(fo) €C, so U, converges to a; therefore U, # U, if a#b. If U isan
F-z-ultrafilter on X, then U has an adherent point ¢ €8, X as B, X is com-
pact,so a €Z for all Z € U, whence U C U, and therefore U= U,. The
final assertion of 2° follows from the fact that, for any a € B, X, Z[m o = U,

2. Repletions. Throughout this section, F is a complete, separated uni-
form space, X a Hausdorff topological space. We denote by C(X, F) the weak-
est uniform structure on X making each f€ C(X, F) uniformly continuous. We
call X an F-replete space if C(X, F) is complete and compatible with the top-
ology of X; any F-replete space containing X as a dense subset is called an
F-repletion of X.

By [5, Proposition 8, p. 203, and Corollary, p. 210}, X is F-replete if and
only if X is homeomorphic to a closed subset of the cartesian product FB for
some set B. Four consequences follow immediately: (1) Cartesian products
and closed subspaces of F-replete spaces are F-replete. (2) The topological space
F is Freplete. (3) If X is F-replete, then X remains F-replete when the uni-
form structure of F is replaced by any other compatible, complete uniform struc-
ture; thus F-repleteness does not depend on the given uniform structure of F, but
only on its topology. (4) If G is also a separated, complete uniform space and
if the topological space F is G-replete, then any F-replete space is also G-replete
(for if X is homeomorphic to a closed subset of F4 and if F is homeomorphic
to a closed subset of GB, then X is homeomorphic to a closed subset of GB*4).
In particular, if F is G-replete and if G is F-replete, then the F-replete and the
G-replete spaces coincide.

The R-replete spaces are precisely the realcompact spaces; clearly also the
[0, 1]-replete spaces are the compact spaces, and the {0, 1}-replete spaces are the
compact ultraregular spaces. By (4), if F is a realcompact topological space,
then every F-replete space is realcompact.

The preceding remarks show that X is F-replete if and only if X is F-com-
pact in the sense of Mréwka. The theory of E-compactness and E-compactifica-
tions, introduced in [10], has been developed in [18], [19], [4], [8], [9] and
generalized in [14]. Our approach is less general than that of Mrdwka since we
require that F admit a compatible, separated, complete uniform structure. How-
ever, in the only particular cases extensively explored, F has a naturally associated
complete uniform structure. More importantly, we believe that the use of uniform
structures permits a more comprehensible discussion of F-repletions (i.e., F-com-

pactifications).
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If C(X, F) is compatible with the topology of X, we denote by vpX the
completion of X for C(X, F). By [S, Proposition 14, p. 221], C(vgX, F) is
the uniform structure of v X, so vy X is an F-repletion of X to which each
fE€ CX, F) has a continuous extension. If X is F-completely regular, we may
identify vz X topologically with the subspace X' of BpX defined by X' =
{x €EBpX: Bef)x) EF forall fE€ (X, F)}. Indeed, standard theorems about
uniform spaces (especially [5, Proposition 9, p. 211 and Proposition 3, p. 206])
imply that X', equipped with the uniform structure C(X, F), is the completion
of X for C(X, F). If F=R and if X is completely regular, the space vz X,
identified in this way with a subspace of fX, is the classical Hewitt realcompacti-
fication vX of X. If F and X are ultraregular, we shall always consider vz X
a subspace of B, X =X by means of this identification; thus

v X = xE€B,X: B Hx)EF forall fECX, F)}.

A general study of extensions of a topological space, of which F-repletions
form an example, has been undertaken in [17], [29], [15]. For example, the
intersection of F-replete subsets of X is F-replete [15, Lemma 2];if X is
Freplete and if f€ C(X, Y), then f~!(B) is F-replete for any F-replete sub-
space B of Y [15, Proposition 1]. Similarly, analogues of [12, 8.16, 8.17]
hold for F-replete spaces.

Let fEC(X, Y), where X, F) and C(Y; F) are compatible with the topologies of
X and Y respectively. One may easily show that f is uniformly continuous
for C(X, F) and C(Y, F), and consequently f has a continuous extension
Vpf: vpX —ugY. (If X and Y are Fcompletely regular, vgf is simply the
function obtained by restricting the domain of fzf to vzX and its codomain
to vgY.) In particular, every continuous function from X into an F-replete
space has a continuous extension to v X.

If F is compact, then O(X, F) = C*X, F), so C(X, F) = C*(X, F), and
hence vz X =gX. Thus F-repletions are primarily of interest only when the
complete uniform space F is not compact.

An important description of the realcompactification vX of a completely
regular space X is that vX = {x € pX: for every sequence (V,),>, of neigh-
borhoods of x in BX, M, V, N X #@). Analogously, for any ultraregular
space X, we define vyX to be the set of all x € B, X such that for every se-
quence (V,),>, of neighborhoods of x in B, X, MN>_ V, N X # @ We shall
say that an ultraregular space X is a Q -space if X =vyX. (Another general-
ization of this description of a realcompactification is given in [29, Chapter III].)

We shall identify a class of complete uniform spaces. F, including the dis-
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crete space N of natural numbers, such that for every ultraregular space X,
v X =v,X. Even for the case F =N, the most intensively studied case after
realcompactifications, no information regarding repletions (i.e., N-compactifica-
tions) has hitherto been available. This description yields at once the known re-
sult that every realcompact space that is strongly ultraregular in the following
sense is N-replete (no example of an N-replete space that is not strongly ultra-
regular is known, and Roy’s example [25], [26] of a realcompact ultraregular
space A that is not ultranormal is known not to be N-replete [22]).

An ultraregular space X is strongly ultraregular if B,(X) = C*(X, R),
whence B X =pX. By Theorem 1, every ultranormal space is strongly ultraregu-
lar. Conditions equivalent to strong ultraregularity are given in [22, Theorem 2].

THEOREM 7. Let X and F be ultraregular. If F is realcompact and
strongly ultraregular, then v, X Cvp X. If F is not compact, then vpX Cv X.

ProOOF. Suppose that F is realcompact and strongly ultraregular, and that
X, €B,X — vpX. Then there exists f€ C(X, F) such that (B, f)x,) €B,F —
F=pF — F. Thus as F is realcompact, there is a decreasing sequence (V,),5
of open neighborhoods of (8,fXx,) such that n;;l Vo, "NF=g. Then W, =
B,/~1(¥,)) is an open neighborhood of x, in B, X forall n>1, and
N_,W,NX=g, so x, €EBX~vX.

Next, suppose that F is not compact and that x, €. X — v, X. As f, X
is ultraregular, there is a decreasing sequence (C,), 5o of clopen neighborhoods
of x, suchthat C, =f,X and n;‘;oCn N X=g. As F is not precompact,
there is an entourage U for which no finite cover of F by U-small sets exists.
Let V be a symmetric entourage such that ¥2 C U. Then for each x € X,
V(x) is U-small, so there exists a sequence (a;);5o such that g,€ F — U 1<iV(@)
forall i>1. Let f: X — F be defined by f(x)=gq; forall x€X N
(C;—=Ciyy), i20. Thenas X N (C;—C;,,) isopenin X, f is continuous.
Let D= {a;: i > 0}, which is clearly a closed, discrete subspace of F, and let
g be the continuous extension of f to vpX. Then g(vzX) CD since D is
closed in F, X is densein vgX, and g(X) CD. Suppose that x, € v X.
Then g(x,) =a, for some r=>0; as {a,} isopenin D, U =g"1(g,) isan
open neighborhood of x, in vgzX. Now UNC,,, is an open neighborhood
of x, in vgX, so there exists x € UNC,,,; N X; thus f(x) =g(x) =a, as
x €U, but f(x) € {a:i>r} as x€C,,, NX, acontradiction. Hence
x, €vpX.

The first assertion of the following theorem is evident; the second follows
from Theorem 7.
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THEOREM 8. An ultraregular Lindelof space is a Q,-space. If F is ultra-
regular but not compact, every ultraregular Lindelof space is F-replete.

The second assertion of the following theorem was proved by different
methods in [14, Theorem 6.4] and [22].

THEOREM 9. Let F be a realcompact, strongly ultraregular, noncompact
space (as F is realcompact, F admits a compatible complete uniform structure,
namely, C(F, R)).

1° For any ultraregular space X, VX = v, X = upX.

2° F is Nreplete, and N is F-replete.

ProoF. Since N is realcompact, strongly ultraregular, but not compact,
1° follows from Theorem 7. As remarked earlier, F is F-replete and N is N-re-
plete; hence by 1°, F= vpF =uNF, so F is N-replete, and N =vyN =uN,
so N is F-replete (Theorem 8 also implies that N is F-replete).

For example, if A is Roy’s space, then vpA =v A = vyA # A = VA,

3. Repletions relative to complete topological fields. Throughout this sec-
tion, F is a complete Hausdorff topological field.

THEOREM 10. Let X and F be ultraregular. For each a € vgX, let u,:
b pfXa), fE€ECX, F). Then al>u, is a homeomorphism from vgX onto
the set H of all characters of the F-algebra C(X, F), equipped with the weak-
est topology such that for each € C(X, F), ul> u(f) is continuous from H
into F.

ProoOF. It is easy to verify that u, € H. To show that a}— u, is sur-
jective,let u € H, and let m =ker u. By Lemma 1, there exists a € f, X
such that (8,fNa) =0 for all f€ m. Given f€ C(X, F), let A =u(f), and
let g =f— N.1. Thenu(g)=0, so (B,g¥a)=0. Let F be a filter on X
converging to a; then lim g = (8,8)(a) =0, so (8, /)a) = lim,_.f=l.imF()\.l +2)
=X=u(f) EF. Consequently, a €vgX. Thus keru Ckeru,, so u=u, as
both are homomorphisms whose kernels have codimension 1. The remaining
verifications are easy.

The following corollaries are analogues of the original characterizations of
realcompact spaces and realcompactifications in terms of maximal ideals of

aX, R).

CoROLLARY 1. If X and F are ultraregular, then X is F-replete if and
only if for each character u of C(X, F) [for each maximal ideal m of C(X, F)
of codimension one) there exists a € X such that u(f)=f(@@) [f(@)=0] for
al fECX, F) [forall fE€ m].
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COROLLARY 2. Let X and F be ultraregular. If any two disjoint F-zero-
sets, of X have disjoint closures in B,X (see Theorem 5), then the bijection
al-m, of 1° of Theorem 6 takes vgX onto the set of all maximal ideals of
Q(X, F) of codimension one.

ProoF. First we observe that if a € ugX, then m, = ker u,. Indeed, as
both m, and ker u, are maximal ideals, it suffices to prove that m , C ker u,;
butif f€ m,, then a € Z(, so (vpf)a) =0, whence u,(f)=0. In particu-
lar, if @ €SvpX. then m, has codimension one. Conversely, let m be a maxi-
mal ideal having codimension one. Then m =ker u for some u € H; by Theo-
rem 10, u =u, for some a € VX, so m=keru =keru, =m,.

THEOREM 11. Let X and F be ultraregular, and let F either possess a
sequence of nonzero elements converging to zero or be discrete. The bijection
ak-U, of 2° of Theorem 6 takes v, X onto the set of all F-z-ultrafilters that are
closed under countable intersection.

ProoF. If a €y X, then there exists a sequence (V,),5, of clopen
neighborhoods of @ in B,X such that (Y*_ ¥, N X=g. As V, isopen, a €
V,CV,NX, soas ¥V, N X isan Fzeroset, ¥, N X € U,. Consequently,
(V, N X),5, is asequence of members of U, whose intersection does not be-
long to U,.

Conversely, let @ € vy, X. We shall first show that if (W,),5, is any se-
quence of members of U,, then ﬂ;‘;, W, # @. Indeed, for each n>1 there
exists, by Theorem 4, a sequence (V, ), Of clopen sets of X such that
W= oyVom Asa€EW,CV, ..V, , isaclopen neighborhood of a
in X and Vv, , NX=V, .. Thus

nw=nNGa,,"0= NV, NX+g
n=1 n,m=1 nm=1

by the definition of v X. Next,let (Z,),5, be any sequence of members of
U,, andlet Z=M"_ 7 . Forany WE U, ZNW#J by the preceding,
since each Z, N W€ U,. Hence U= {U: U is an F-zeroset of X containing
ZN W for some WE U,} is an F-z-ultrafilter containing U,. Therefore U =
Ug,s0 Z=ZNXeEU,.

We are particularly interested in the case where the topology of F is either
ultrametrizable or given by a valuation. (A metric d on X is an ultrametric if
d(x, z) < max {d(x, ), d(y, z)} for all x, y, z € X.) In both cases there is a
fundamental system of idempotent symmetric entourages for the associated uni-
form structure of F that is totally' ordered by inclusion (an entourage U is
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idempotent if U o U= U). Consequently, F and all of its subsets are ultranor-
mal (and hence strongly ultraregular) by the following theorem.

THEOREM 12. If F is a separated uniform space for which there is a fun-
damental system U of symmetric idempotent entourages that is totally ordered
by inclusion, then F is ultranormal.

ProoF. We may assume that F is not discrete, so that U has no smallest
member. The Dedekind completion of the totally ordered set U may be expli-
citly constructed as a subset of the entourages of F. Namely, let & be the set
of all subfamilies F of U having the following two properties: there exists V
€ U such that every member of F contains V; and if UE Fand if WE U
is an entourage containing U, then WE F Let U* = {NF: F € ®}. Clearly
U* is a set of symmetric idempotent entourages that contains U and is totally
ordered by inclusion, and every family G of members of U* that is bounded
below (i.e., for which there exists ¥ € U contained in each member of G) ad-
mits an infimum in U* (namely, 1G). Adjoining the diagonal subset A of
F x F to U*, which is smaller than each member of U* for the ordering C,
we may therefore define a “generalized ultrametric” d on F x F by d(x, y) =
the infimum (in U* U {A}) of all U€E U* such that (x, y) € U. One easily
shows that the uniform structure defined in an obvious way by d is the given
uniform structure. For each subset 4 of F and each x €EF, let d(x, A) =
inf{d(x, a): a € A}. One easily establishes that d(x, A) = A if and only if
x €A and that d(x, A) =d(y, A) whenever d(x, y) C d(x, A). From these
facts one may show that if 4 and B are disjoint closed subsets of F, then
C= {x €F: d(x, A) C d(x, B)} is a clopen set containing A and disjoint from B.

To apply the results of §2 to the case where F is a complete topological
field whose topology is either ultrametrizable or given by a valuation, we need to
determine necessary and sufficient conditions for F to be realcompact. This
leads to the problem of measurable cardinals (a cardinal number m is measurable
if there is a countably additive function u from the set of all subsets of some set
X of cardinality m into {0, 1} such that u(X)=1 and u({x})=0 for all
x € X; the existence of measurable cardinals cannot be proved from the usual
axioms of set theory). Indeed, it is easy to show that the cardinality [X| of a
set X is nonmeasurable if and only if the discrete topological space X is a
Q,-space. By a theorem of Shirota [27], [12, 15.20], a completely regular space
X is realcompact if and only if X admits a compatible complete uniform struc-
ture and the cardinality of every closed, discrete subset of X is nonmeasurable.
In particular, if X is a separated uniform space such that |X| is nonmeasurable,
then its completion X A is realcompact (for as X' may be identified with a



104 G. BACHMAN, E. BECKENSTEIN, L. NARICI AND S. WARNER

family of Cauchy filters on X, |X Al < 22X and hence IXAl is also nonmea-
surable).

In the cases under consideration, the condition that |F| be nonmeasurable
is necessary as well as sufficient for F to be realcompact, as the following two
theorems show.

THEOREM 13. An ultrametric space F is realcompact if and only if |F|
is nonmeasurable.

ProoF. The condition is sufficient, for as noted above, the completion of
F is realcompact, whence F is by [12, 8.15]. Necessity: Let (U,),», bea
fundamental system of idempotent entourages, and for each n=>1 let D, be a
subset of F consisting of one point from each member of the open partition
V,={U,(x): x €F}. Then D, is a closed discrete set, so |V, |=1D,| is non-
measurable. Since x}-(U,(x)),5, is an injection from F into II:::l Vs IFl <
No(sup, IV, D), so |F| is nonmeasurable.

THEOREM 14. Let F be a topological field whose topology is given by a
valuation v, and let k be the residue field of F. The following statements are
equivalent:

1° F is realcompact.

2° |F| is nonmeasurable.

3° Every subset of F is realcompact.

4° |k| is nonmeasurable.

PROOF. Let T' be the value group of v, let T, be the set of positive
elements of T, and let A be the valuation ring of ». Assume 1°. For each
e€T , let V, be the open partition {V,(x): x € A} of A determined by a,
where V,(x) = {y €4: v(x — y) >a}. Aset D, consisting of one point in each
member of U/, is then discrete and closed, so |V,| = ID,| is nonmeasurable. In
particular, the canonical epimorphism from 4 onto k takes D, onto k, so
|k| is nonmeasurable. As v determines a bijection from k onto Iy U {+ oo},
[Ty | is also nonmeasurable. Therefore as x> (V,(x))aer 4 isan injection from
4 into Myep, Vg, A1 <L I(sup |V,D), and hence 4| is nonmeasurable. There-
fore |F] < 2|4| is nonmeasurable.

Next, assume 2°. As noted above, [FAI is nonmeasurable. Moreover, the
multiplicative group F A {0} of nonzero elements of F A s complete for its
associated uniform structure [6, Proposition 8, p. 85], and F Al {0} is there-
fore realcompact by Shirota’s theorem. For each a € F/‘, FM {a} is homeo-
morphic to FN_ {0} and hence is also realcompact. Therefore every subset of
F) is realcompact [12, 8.17], and 3° holds. By Krull’s lemma [24, p. 80],
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IFI < [«I'T!, and hence as [['| < 2T, | < 2[kl|, 4° implies 2°.
Applying Theorems 5, 6, 9, Corollary 2 of Theorem 10, and Theorems 11—
14, and recalling that a compact field is finite, we obtain the following summary:

THEOREM 15. Let F be an infinite, complete topological field whose
topology is either ultrametrizable or defined by a valuation and whose cardinality
|F| is nonmeasurable, and let X be an ultraregular space.

1° Every subset of F is ultranormal, realcompact, and F-replete.

2° If X is F-replete, then X is realcompact.

3° Ve X =v.X, so X is F-replete if and only if X is a Q-space.

4° If X is ultranormal, then veX = v, X =vX, so X is F-replete if and
only if X is realcompact.

5° The function alom, = {fECX, F): a € Z(f)} is a bijection from
B,X onto the set of all maximal ideals of C(X, F), and takes vpX onto the
set of all maximal ideals of codimension one. Thus X is compact if and only
if each maximal ideal of (X, F) is fixed, and X is F-replete if and only if
each maximal ideal of (X, F) of codimension one is fixed.

6° If F is ultrametrizable, then the function a}— U,=12: Z isan
F-zeroset of X, and a € Z} is a bijection from B,X onto the set of all F-z-ul-
trafilters, and takes vpX onto the set of all F-z-ultrafilters that are closed under
countable intersection.

The immanence of the problem of measurable cardinals in the theory of
repletions is further indicated by the following theorem.

THEOREM 16. Let F be an infinite, complete, ultraregular topological
field such that |F| is nonmeasurable, let X be ultraregular, and let (X)), 4
be an open partition of X. Then X is F-replete if and only if |A| is non-
measurable and each X, is F-replete.

PrROOF. Necessity: Each X, is closed and hence is also F-replete. Let
D be a set consisting of one element from each X,. Then D is closed and
discrete, so since X is realcompact, |4] = |D| is nonmeasurable.

Sufficiency: For each f€ C(X, F) and each a € 4, let f, be the
restriction of f to X,. As (X,) is an open partition of X, J: f}-(f,) is an
isomorphism from the F-algebra C(X, F) onto the F-algebra Il ,C(X,, F).
Let w be a character of C(X, F), and let u=w °J~!, By a theorem of
BiaJynicki-Birula and Zelazko [31, [31], there exist B € A and a character v
of O(XB, F) such that u=vo prg, where prg denotes the projection from
M, OX,, F) onto C(Xg, F). By Theorem 10, there exists b € X, such
that v(h) = h(b) forall h € C(X;, F). Hence for each f€ (X, F), w(f) =
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(v © prg o X)) = v(f) = f(b) = f(b). Therefore, by Theorem 10, X is F-replete.

The same proof establishes the corresponding result for realcompact spaces:
If (X,),c4 isan open partition of a completely regular space X, then X is
realcompact if and only if |4| is nonmeasurable and each X, is realcompact.

The first examples of nonrealcompact completely regular spaces were
noncompact pseudocompact spaces. We recall that a subset B of a topological
field F is bounded if for every neighborhood V of zero there is a neighbor-
hood U of zero such that BU C V; an F-valued function is bounded if its
range is a bounded subset of F. The obvious generalization of the definition
of pseudocompactness is the following.

DEFINITION. A Hausdorff space X is F-pseudocompact if C(X, F) is
compatible with the topology of X and if every continuous function from X
into F is bounded.

If F is a locally compact field, then the bounded subsets of F coincide
with the relatively compact ones, and consequently if X is F-pseudocompact,
then C*(X, F) = ((X, F). This holds much more generally, as the following
two theorems show.

THEOREM 17. Let F be a complete, strongly ultraregular, realcompact
topological field that contains an unbounded sequence (8,),,, and let X be
an ultraregular space. The following statements are equivalent:

1° X is«F-pseudocompact.

2° v X =P, X

3° vpX =BX.

4° C(X, F)=C*X, F).

ProoF. To show that 1° implies 2°, let a €8 X, and let (V,),5, be
any decreasing sequence of clopen neighborhoods of a in §,X such that ¥, =
B,X. Suppose that n;;an NX=g. Thensince V, NX#¢g forall n=>1,
we may assume that (V,, N X), 5, is a strictly decreasing sequence of clopen
subsets of X. The function f: X — F, defined by f(x) =8, forall x €
(V, = V,+1) N X, is an unbounded, continuous function, a contradiction.
Consequently, a € v X.

By 1° of Theorem 9, 2° implies 3°. Since each f€ C(X, F) has a con-
tinuous extension to vpX, 3° implies 4°. Since a relatively compact subset of
F is bounded, 4° implies 1°.

THEOREM 18. Let F be a Hausdorff topological field. (1) If F pos-
sesses a sequence of nonzero elements converging to zero, then F possesses an
unbounded sequence. (2) If the topology of F is given by a proper valuation
v, then F has an unbounded sequence if and only if F is metrizable.
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ProoF. (1) Let V¥ be a neighborhood of zero such that 1 € V, and let
(\,),>; be a sequence of nonzero elements converging to zero. Let 8, = ;1.
Suppose that (8,),5, were bounded. Then there would exist a neighborhood
U of zero such that (8,)UC V. Let m be such that A, €U; then 1=
B\, €V, a contradiction.

(2) Let T be the value group of v. A subset B of F is bounded if
and only if v(B) has a lower bound in T. Consequently, if (A,),5, is a se-
quence of nonzero elements, then lim,_, A, =0 if and only if A Dpsy i
unbounded; but if lim, A, =0, then (A\,4),5, isa fundamental system of
neighborhoods of zero, where A is the valuation ring, so F is metrizable.

In contrast, let F be a complete field whose topology is given by a proper
valuation v but is not metrizable (equivalently, the value group of v has no
cofinal sequence). Then every o-compact ultraregular space X is F-replete and
F-pseudocompact. Indeed, if X = U:=1K,,, where each K, is compact, then
X is F-replete by Theorem 8 and 3° of Theorem 15; if f € C(X, F), then for
each n > 1 there is a lower bound a, of v(f(K,)) since f(K,) is compact
and hence bounded, so a lower bound of (@), is a lower bound of ¥(f(X)).

4. Measure-theoretic interpretations. Throughout this section, X is an
ultraregular space, and F is a complete, Hausdorff topological field for which
the set U/ of open additive subgroups is a fundamental system of neighborhoods
of zero.

The topology T,, of uniform convergence on C*(X, F) is easily seen to
make C*(X, F) a topological F-algebra (to verify that for each f€ C*(X, F),
gl gf and Ab=)f are continuous at zero, recall that f(X) is relatively com-
pact and hence bounded in F). Foreach VE U, let V, = {f€ C*X, F):
f&X)CV}; then V, = {V,: V €V} is a fundamental system of neighborhoods
of zero in C*(X, F) for T,. We shall denote by C*(X, F)? the topological
dual of C*(X, F), equipped with the topology T,,.

We denote by S(X) the algebra of all clopen subsets of X, and by

M(X, F) the set of all bounded, finitely additive functions from S(X) into F.
A finitely additive F-valued function u defined on an algebra S of sets is
monotone if for all S, '€ S, if u(S)=0 andif §’' CS, then u(S')=0. We
denote by M, (X, F) the set of all monotone members of M(X, F) whose range
is {0, 1}. (If the characteristic of F is not 2, every member of M(X, F) whose
range is {0, 1} is monotone.) We recall (Theorem 3) that there is a bijection
absu, from B X onto the set H(X, F) of all characters of the F-algebra
C*(X, F), where u,(f) = (8,f)a) for all f€ C*(X, F).

For each v € C*(X, F)®, we denote by u,, the function from S(X) into
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F defined by p,(S) =v(gg) forall § € S(X), where ¢ is the F-valued char-
acteristic function of S.

THEOREM 19. (1) vibop, is a bijection from C*(X, F)? onto M(X, F).
(2) H(X, F) CC*(X, F\?, i.e., every character of C*(X, F) is continuous for
T.- 3) vEHX, F) ifand only if u, € M (X, F).

PrROOF. (1) Clearly u, is a finitely additive function. We shall show
that the range B, of u, is bounded. Since every subset of a discrete field is
bounded, we shall assume that F is not discrete. Let V € /; there exists
U€  such that UUCV. As v is continuous, there exists W€ |/ such that
v(W,) CU. Let a be a nonzero member of W. Then for any S € S(X), ayg
EW,, so u,S)* @) =vlapg) * UCUUCV; thus B(el)CV.

To complete the proof of (1), we shall show that if u € M(X, F), then there
is a unique v € C*(X, F)? such that u, =pu. Let D(X, F) be the algebra of
all continuous F-valued functions on X with finite range. Each member of
D(X, F) is uniquely of the form ZL Nps, where {S;, -+, S,} is an open
partition of X and (A\),<;<, is a sequence of distinct scalars. We define
v: D(X, F) — F by

"(‘2::1 A “’si) = g AH(S)-

It is easy to verify that » is a linear form on D(X, F) and, indeed, is the only
linear form such that v(pg) = u(S) for all S € S(X). To show that v is con-
tinuous, let V€ /, and let WE |/ be such that WB C V, where B 1is the
range of u. If {S,,--, S,} is an open partition of X and if (\),<;<p is
a sequence of scalars such that ZL A5, € W,, then

n n
v(Zx,¢S) =S NMS)ERWBCR V=V
=1 i i=1

as V is a subgroup. Thus v is continuous on D(X, F). Now D(X, F) is dense
in C*(X, F). To see this, let f€E C*(X, F), andlet V€ /. As f(X) is rel-
atively compact, there exist Ay, **, N, €f(X) suchthat A, + V, ... , A +
V are distinct (and hence disjoint) cosets of the subgroup ¥ and their union
contains f(X). Let S;=f"'(\,+ ¥),1<i<m. Then {S,,...,S,}isan
open partition of X, and ZJZ 1\vs; —fEV,. Consequently, as v is a con-
tinuous linear form on D(X, F) and as F is complete, v has a unique continu-
ous extension to C*(X, F).
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(2) By Theorem 3, it suffices to show that for each a €8 X, u,: f -
(B,fXa) is continuous for T,. But forany V€ V,u,(V,) CV, since if f€
V,, then f(X) C V, whence (B8,/)B,X)C V as V is closed.

(3) For each a €,X we shall denote by u, the member My, of
M(X, F) associated to the character u,. Then, for every S € S(X), u,(S) =
u,(¢s) = (B,¥sXa) = p5 (@), where closure refers to S, X; thus u,(S) is 1 or O
according as a €S or a € S. Therefore p, € M (X, F). Conversely, let u €
M (X, F), and let v € C*(X, F)* be such that p, =pu. We shall first show that
if S and T are clopen sets, then v(pgor) = v(pgW(py)- If either u(S)=0 or
u(T) =0, then u(S N T)=0 as u is monotone, so V(Pgpr) =S NT)=0=
HSM(T) = v(egh(pr). Suppose that u(S)=u(T)=1. Then u(X - T)=0 as
X -D+uM=uX)=1, and hence u(S-T)=0 as S—-TCX-T.
Therefore v(pgwr) = (S N T)=1=v(pgv(py) since p(SNT) +uS - T)=
1(S) = 1. From this equality, it follows readily that v is a character.

THEOREM 20. Let F be a complete metrizable field whose open additive
subgroups form a fundamental system of neighborhoods of zero, and let X be an
ultraregular space. (1) For each a € B X, let H(@)= {T C X: there is a Cy-
set C contained in either T or X — T such that a € C}. Then H(a) is an
algebra containing all Cg-sets of X. (2) We define H,: H(@) — {0, 1} by 1,(T)
=1 if there exists a Cg-set C contained in T such that a € C B, (N =0
otherwise. Then W, is a monotone, finitely additive function. (3) a €v X if
and only if H(a) is a o-algebra, in which case W, is countably additive.

ProoF. (1) follows from Theorems 4, S and 2° of Theorem 6. (2) If
T € H(), then g (T) =1 if and only if Z,(X — T) =0 by Theorem 1. From
this it follows readily that i, is finitely additive and monotone. (3) follows
from Theorem 11.

CorOLLARY. Let B(X) be the o-algebra generated by the clopen subsets
of X. Foreach a€v,X, let v, denote the restriction of §, to B(X). Then
al-v, is a bijection from v, X onto the set of all monotone, countably additive
functions from B(X) onto {0, 1}.

These theorems generalize material of [2].

5. Bornologicity of C(X, F). Here we shall prove the analogue of the theo-
rem of Nachbin [20] and Shirota [28] that C(X, R), equipped with the topology
of compact convergence, is bornological if and only if X is realcompact. We as-
sume familiarity with the terminology introduced in [30].

THEOREM 21. Let F be a complete, indiscrete, nonarchimedean-valued
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field such that |F| is nonmeasurable, and let X be an ultraregular space. Then
C(X, F), equipped with the topology of compact convergence, is bornological if
and only if X is F-replete.

PROOF. Necessity: Suppose that X were not F-replete. By Theorem 15
there would exist s €v X — X. A proof similar to the corresponding part of
the proof in [20] would then establish that h: fi— (v, f)(s) is a bounded, discon-
tinuous linear form.

Sufficiency: Again, the proof is similar to Nachbin’s proof in [20]. Let ¥
be a convex subset of C(X, F) absorbing every bounded subset. A supporting
set for V' is any compact subset K of § X such that f€ V whenever f van-
ishes on K N X. The proof reduces to showing that if z € . X — X, then there
is a supporting set for ¥ to which z does not belong. By hypothesis, X = v X,
so there is a decreasing sequence (C,),., of clopen neighborhoods of z such
that C, =B,X and (;;-,C, NX=2 Thus {U,: n>1}is an open partition of
X, where U, =(C, ~ C,4,) N X. Since z€& X — C,, it suffices to show
that some B, X — C, is a supporting set for V.

Suppose not. Let [al > 1. We first show that for each m there exists a
continuous function not in ¥ that vanishes outside U for some j=>m. Let
k, and k,, be the characteristic functions of c, N X and U, N X respectively.
As B,X — C,, is not a supporting set for V, there exists f G V that vanishes
on X - C,,. Then lim,_, . o"fk, =0 since for any compact subset K of X,
C, NK =g and hence o'fk, vanishes on K for sufficiently large n. Therefore
V absorbs {a"fk,},5,. Let BE F be such that o*fk, € BV forall n > 1.
Then o'~ 'fk, €V forall n>1, so fk, €V forall n such that |of* >
[8l. However, f=fk, & V. Let j be the greatest integer such that % av;
then j>m. As fk;=fk;,, + ﬂc,, we conclude that fk &€ V. From ttus we
infer that there is a strictly increasing sequence (k));5, and functions g; such
that g; €V and g; vanishes outside U,,j Let h be defined by h(x)-
ajg,(x) if x& U,” h(x) =0 if x belongs to any other U,. Clearly k is con-
tinuous since each U, isclopen. Since B = {f€ C(X, F): |f(x)| < |n(x)| for
all x € X} is bounded, there exists ¥ € F such that B C V. Thus as a’g, €B,
we infer that a/y~ lg,. € V and hence g€ V whenever lal/ > lyl. Thus we
have obtained a contradiction.
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